Abstract-We extend the Clark-Ocone formula to a suitable class of generalized Brownian functionals. As an example we derive a representation of Donsker's delta function as (limit of) a stochastic integral.
INTRODUCTION

For suitable functionals φ of Brownian motion, expressed in terms of Ito integrals (I)
the Clark-Ocone formula [5] , [14] provides us with an explicit formula for the integrand ra(·), given φ. It has become clear that such an expression should be useful in the determination of hedging portfolios, see e.g., [1] , [3] , [15] . Another application is in the context of determining the quadratic variation process of Brownian martingales, see e.g., [7] for a recent example.
On the other hand it was pointed out in [2] that the conditions on φ are restrictive. It seems desirable to extend the validity of (1) and of the Clark-Ocone formula. A possible setting is that of generalized functionals of white noise as described, e.g., in [8] - [13] , [16] . In particular the generalized function space elaborated in [16] , or the larger one of [8] , retain the probabilistic properties that are required for such a generalization. In [3] one finds an announcement of results in terms of the Potthoff-Timpel [4] , [16] space (in the meantime elaborated in [1] ), for related results in the space D' of Malliavin calculus see [17] . Here we use the space of [8] , which we present in the following section together with extensions of the Skorohod and Ito integrals, the gradient and some further auxiliary notions. Section 3 has our generalization of the Clark-Ocone formula, in Section 4 we translate the result into the language, often useful in practical calculations, of the 5-transform. A case in point is Donsker's 5-function for which we elaborate the generalized Clark-Ocone formula in Section 5.
REGULAR GENERALIZED FUNCTIONS OF WHITE NOISE
Regular generalized functions
We will recall the definition and some properties of the space Q~l of regular generalized functions of White Noise [8] , [9] . 
From general duality theory it follows that a-
therefore, every distribution is of finite order, i.e., for every Φ G G~l there exists q 6 NO such that Φ G GlJ. It turns out from the definition that the Hubert space GlJ can be described as follows: 
Therefore, for Φ G GlJ, (2) defines the 5-transform for every η from the open neighborhood of zero, U q = {ff G 5d, c (l) : < 1}, q G N 0 .
Generalization of the gradient operator
We begin with the observation that the Hida derivative d t fails to be pointwise defined on the spaces G±J. However we still may consider the gradient (<9V)i<i<d a· 8 Given a regular generalized function Φ from C/" 1 , Φ € GlJ for some g 6 NO, characterized by the sequence (Φ^), η G NO, Φη € L 2 (R n ), consider the functional characterized by the sequence N 0 .
Using the inequality 2~kk 2 
where the above sum is convergent because Φ G G_J. Hence, the sequence (Φ^), n G NO, defines a functional from L 2 (R) <g> Gl*. Keeping the terminology and the notation introduced above, we will denote this functional by 9 1 Φ and the operator (ο ι Φ)ι<»<<* will be called the gradient of Φ, denoted by νΦ. Using this notation, it follows from (3) that for every pair ρ > q > 0, which proves that the gradient is a bounded linear operator from GlJ into R d ® L 2 (R) 0 GlJ if ρ > 9.
An extension of the Skorohod and Ito integrals
In [10] the Skorohod integral was discussed in a white noise setting. An extension to certain generalized white noise integrands can be found in [6] .
Considering an element Φ from L 2 (R) <8> GlJ, for some q € NO, characterized by the We may now formulate the 
Remark 1. For t G R, let T t denote the σ-algebra generated by the random variables {B(s), s < t}, where (#t) t€ is a d-dimensional Brownian motion. If
and it is adapted to the filtration (^t) t€ ]j, then the generalized Skorohod integral I(F) is equal to the It integral of F. Without the first condition we speak of a generalized It integral.
Before ending this subsection, we return to the sequence of inequalities (4) which imply i.e., / is a bounded linear operator from R d <8> L 2 (R)<g)Glq into Glq, q G N 0 .
Some notations and definitions
For the next sections it is useful to introduce some notations and recall some definitions. 
In particular for cylinder functions G(f) = g (fh(t)f(t)dt)
where g is a differentiable function, then (r). (5) For what follows it is also helpful to define the notion of second quantization of Q t , t G R, defined on the space G~°°. Recall:
For bounded linear operators A on L 2 (R) the linear map which transforms each sequence (φ.), n G NO, φα € L 2 (R n ), to the sequence (Α Θη </?^), n G NO, is called the second quantization of A. It is denoted by Γ(Α).
LEMMA 2.1 For bounded linear operators A on L 2 (R), T(A) is a continuous operator onQ~l.
Proof. Given a bounded linear operator A on I/ 2 (R), for every element Φ € G~l (belonging to GlJ, for some ς), we have,
2~pn
for every non negative integer number p. If || A\\ 2 <2 P q for some ρ € NO the above sum is majorized by ||Φ||*ι and the second quantization of A is a bounded linear operator from GlJ into Gl*. In particular, if \\A\\ < l, T (A) is a bounded linear operator from G~l into itself. The lemma is proved.
In particular, for A = Q t , for some t € R, it follows that for every g G NQ. Hence Γ(Θ^) is a bounded linear operator from the space of regular generalized functions G~l into itself.
Remark 2. Consider the cr-algebra T t generated by the random variables {B(s), $ < t}. Γ(Θ*)Φ coincides with the conditional expectation for elements Φ from Q~l with respect to Ft, as introduced in [8] .
THE GENERALIZED CLARK-OCONE FORMULA
Now we are prepared to present the main result of this note. It generalizes the well known Clark-Ocone formula to regular generalized functions of white noise, i.e., to the space G~l. for every ψ belongs to C/ 1 , which implies the result. Theorem 3.1 is proved.
S-TRANSFORM
In this section, we find an expression to the 5-transform of a regular generalized function Φ € Q~l which corresponds to the Clark-Ocone formula established above. 
6(B(t) -o) = Ε (i(B(t) -a)) 4-/ άΒ(τ)τη(τ)
with The functional derivative of (7) is calculated straightforwardly using ( 
